Abstract We consider the general case of an accelerating, expanding and shearing model of a radiating relativistic star using Lie symmetries. We obtain the Lie symmetry generators that leave the equation for the junction condition invariant, and find the Lie algebra corresponding to the optimal system of the symmetries. The symmetries in the optimal system allow us to transform the boundary condition to ordinary differential equations. The various cases for which the resulting systems of equations can be solved are identified. For each of these cases the boundary condition is integrated and the gravitational potentials are found explicitly. A particular group invariant solution produces a class of models which contains Euclidean stars as a special case. Our generalized model satisfies a linear equation of state in general. We thus establish a group theoretic basis for our generalized model with an equation of state. By considering a particular example we show that the weak, dominant and strong energy conditions are satisfied.
Introduction
Models of relativistic radiating stars with expansion, shear and acceleration are the most general in spherically symmetric spacetimes. They are important in investigating physical features including stellar stability, surface luminosity, relaxational effects, causal temperature profiles, particle production at the surface, the cosmic censorship hypothesis of Penrose, and gravitational collapse. The exterior Vaidya [1] spacetime must match with the interior spacetime of the radiating star leading to the generation of the junction surface condition relating the radial pressure to the heat flux. This junction condition was obtained by Santos [2] for the first time. The first exact solution for a relativistic radiating star with shear was obtained by Naidu et al. [3] . Their treatment has been generalized by Rajah and Maharaj [4] by treating the junction condition as a Riccati equation. Thirukkanesh and Maharaj [5] generated two classes of exact solutions that contain all previously known models as special cases. Recently Abebe et al. [6] generated exact solutions using the Lie symmetry approach and obtained metrics in terms of elementary functions. This class of models has the feature of containing certain solutions of the traveling wave type and the others that are expressed in terms of a self-similar variable. All the above mentioned treatments were modeled for radiating stars where the fluid particles are traveling with geodesic motion and regained the Friedmann dust model in the absence of heat flux in the relevant limit. The presence of acceleration changes the nature of the model.
The presence of acceleration with shear increases the complexity of the model substantially. A systematic study of these models was initiated by Chan [7] for a configuration that is initially static and then collapses. In several analyses Chan [8, 9, 10] and Pinheiro and Chan [11, 12] studied the luminosity, viscous effects and other physical features in the presence of shear. The physical analysis in these treatments [7, 8, 9, 10, 11, 12] were accomplished using a numerical approach. Recently Thirukkanesh et al. [13] obtained exact solutions for an accelerating and expanding model with shear by transforming the junction condition into linear, Bernoulli and inhomogeneous Riccati equations. Herrera and Santos [14] studied the physical features in general when anisotropy is present. They also introduced the idea of Euclidean stars [15] which are also modeled with nonvanishing shear. Such stars were further analysed by Govender et al. [16] and Govinder and Govender [17] . The effect of shear in a radiating star undergoing dissipative collapse has been recently studied by Govender et al. [18] . The presence of acceleration and the effect of shear change the nature of the resulting junction condition equation.
The aim of this paper is to generate exact solutions to the boundary condition equation of a radiating star by applying group theory to the relevant differential equations. In previous investigations the Lie theory of extended groups applied to differential equations has been used very successfully to generate exact solutions to the Einstein field equations. Such treatments include Govinder et al. [19] , Leach and Govinder [20] , Hansraj et al. [21] , Msomi et al. [22, 23, 24] , Kweyama et al. [25] , Govinder and Hansraj [26] . The boundary condition in Euclidean stars has been solved by Govinder and Govender [17] with the help of a particular Lie symmetry. Their treatment is believed to be the first Lie symmetry approach for a radiating general relativistic star. Exact solutions have also been found for a shearing model when the fluid particles are traveling with geodesic motion (Abebe et al. [6] ) and for conformally flat metrics (Abebe et al. [27] ) using the Lie approach. Motivated by these treatments, we analyze the boundary condition of the general case with acceleration, expansion and shear using a Lie symmetry approach. This general treatment is likely to produce features not present in earlier studies.
We present the junction condition for an accelerating, expanding and shearing radiating star in Sect. 2. This is a highly nonlinear partial differential equation in the metric functions. We obtain the Lie point symmetries for the junction condition and generate the optimal system of these symmetries. Using a particular symmetry in the optimal system, we transform the boundary condition to an ordinary differential equation and obtain group invariant solutions in Sect. 3. We find new classes of exact solutions to the boundary condition and regain known solutions. We show that the new solutions found satisfy a barotropic equation of state in Sect. 4. In Sect. 5 we consider the physical features and analyze the energy conditions in a particular example. In Sect. 6 we make concluding remarks. The remaining cases of the optimal system for which the boundary condition can be integrated are listed in the Appendix in Sect. 7
The model
We consider the most general form of a spherically symmetric radiating star with acceleration, expansion and shear. The line element for the interior spacetime of such a star is given by
where the metric functions A, B and Y are functions of the coordinate radius r and the temporal time variable t. The fluid four-velocity u is comoving and is given by
The kinematical quantities, the accelerationu a , the expansion scalar Θ, and the magnitude of the shear scalar σ, are give bẏ
where the subscripts denote differentiation with respect to r and t. The energy momentum tensor for the shearing model has the form
where µ is the density, p is the isotropic pressure, q a is the heat flux, and π ab is the anisotropic stress. The quantity u is the fluid four-velocity which satisfies u a u a = −1 and
The stress tensor is given by
We have introduced the radial pressure p , the tangential pressure p ⊥ , the projection tensor h ab and a unit radial vector n given by n a = 1 B δ a 1 . The radial and the tangential pressures give the isotropic pressure p = 1 3 p + 2p ⊥ . Since the heat must flow in the radial direction the heat flow vector q may be written as
and q a u a = 0.
The Einstein field equations for the interior of the star have the form
for the metric (1). The matter variables µ, p , p ⊥ and q can be determined explicitly once the potential functions A, B and Y are known. Equations (6) describe the gravitational interactions in the interior of an accelerating, expanding and shearing star with heat flux and anisotropic pressure. The surface of a spherically symmetric radiating star is the boundary between the interior and the exterior spacetimes. The interior spacetime (1) has to be matched at the surface of the star to the exterior Vaidya spacetime
In (7) the function m(v) is the mass of the star at infinity. The metrics (1) and (7) have to be matched at the boundary of the star. The matching of the metrics and the extrinsic curvature at the surface of the star give the junction conditions
at the hypersurface Σ of the radiating sphere. The junction condition (8d), for shear-free spacetimes was first found by Santos [2] , and, later extended to shearing spacetimes by Glass [28] . Equation (8d), together with (6b) and (6d), leads to the junction condition equation
at the boundary of the star. Equation (9) determines the gravitational behaviour of the radiating anisotropic star with nonzero shear, acceleration and expansion. We need to solve (9) exactly to complete the model. This equation is a highly nonlinear partial differential equation and difficult to solve directly. Therefore we undertake a group theoretic analysis of (9) in order to find useful solutions.
where A = A(t, r), B = B(r, t) and Y = Y (r, t) admits a Lie point symmetry of the form
where ξ i and η j are functions of r, t, A, B and Y (i = 1, 2 and j = 1, 2, 3), provided that
where
is the kth prolongation of the symmetry X. The process is algorithmic. Using the computer software package PROGRAM LIE [31] we find that (9) possesses the symmetries
where β(t) and α(r) are nonzero arbitrary functions of t and r respectively. This reveals that equation (9) is invariant under scalings of A and t together, B and r together, and A, B and Y together. Note that, since β(t) and α(r) are arbitrary functions, they mask the expected invariance under translations in t and r separately (which is obtained by setting those functions to constants). These symmetries will be used to generate group invariant solutions. Group invariant solutions obtained by using any linear combination of the individual symmetries in (13) may be transformed to the symmetries in the optimal system [29] . We determine an optimal system of (13) to be
Generalized Euclidean stars
The symmetries in (14) may be applied to reduce the governing partial differential equation to ordinary differential equations using the infinitesimal generators obtained via the Lie approach [29, 30] . A number of different cases are possible which lead to exact solutions of the boundary condition (9) . In this section we present only the most interesting case which has physically applicable features. The remaining integrable cases are included in the Appendix in Sect. 7.
The invariants of the particular generator
can be found from the system
to be
We note that solutions obtained via the symmetry (15) contain traveling waves. This can be seen explicitly if we set β(t) = α(r) = 1. Then the independent variable (17a) becomes
with wave speed 1/b. This fact arises since the generator (15) gives the reduced form
in this case. For the transformation (17), equation (9) reduces to
which is a nonlinear equation in the functions f , g and h. Primes denote differentiation with respect to the variable x. We have expressed (20) in a form which can be interpreted as a Riccati equation in g. In the Appendix we undertake a more detailed analysis of this equation. Here we note that the equation can be simplified if we assume f = cg,
where c is an arbitrary constant. Then (20) becomes
which is a Bernoulli equation in g of degree three. Even though h is an unknown function we can integrate (22) to obtain
where d is a constant of integration. Thus we have found an exact solution to the boundary condition (9) . The solution is expressible in terms of the function h which is arbitrary. Thus the potential functions become
where h is a function of x = dt bβ(t) + dr α(r) . This solution is expressed in terms of arbitrary constants and the arbitrary functions α(r), β(t) and h(x) so that we can generate infinitely many solutions to the boundary condition for particular choices.
For physical applications we need to show that the integrals in (24) may be written in closed form. This is possible for particular choices of the function h(x). As a first example we set h(x) = exp (e + kx) ,
where e and k are constants. Then the potentials (24) become
and the integration has been completed. This model is expanding, accelerating and shearing. It is interesting to observe that if we set
(1 + cb)(3cb − 1)k 2cb 1+cb then the shear vanishes. As a second example we set
and the integration in (24) can be performed. Then the potential functions have the form
The solution (28) has interesting features which we will consider later. For now, we note that this model has nonvanishing expansion, acceleration and shear. It is interesting to note that our solution contains those of Euclidean stars. In Euclidean stars the areal and proper radii are equal; this approach of modeling stars in general relativity with shear was developed by Herrera and Santos [15] . Govender et al. [16] found other particular Euclidean solutions.
The metric (24) will yield the Euclidean star formulation provided B = Y r . This yields the condition
If we now take (28) and set
then we obtain
This particular solution satisfies the master equation (9) provided that the constants n andk are related viã
The solution (31) was previously obtained by Govinder and Govender [17] in their study of the junction condition of an Euclidean star. As the particular Euclidean star model (31) is contained in the more general class of solutions (24) we label the gravitational potentials in (24) as generalized Euclidean stars. We note that there may be other special parameter values for which h can be found explicitly which will correspond to other Euclidean stars.
Equation of state
We now study the physical features of the new generalized Euclidean model (24) that contains previously obtained solutions for Euclidean stars as a special case.
The kinematical quantities, the acceleration, the expansion scale and the magnitude of the shear scalar becomė
respectively, where we have set
It is clear that these quantities are nonzero in general.
The matter variables (6) become
for the potentials (24) . Note that the radial pressure and the heat flux are related by (8d) so that p = q in our solution. For nonzero tangential pressure p ⊥ we must have bc = 1. If we set bc = 1 then p ⊥ = 0 and the heat flux becomes negative. We observe from (34) that the relationship
is satisfied. Hence the generalized Euclidean star model (24) always satisfies a linear barotropic equation of state. This is a result independent of the analytic form of the arbitrary function h(x). The Lie theory of differential equations has produced a family of exact solutions for general relativistic stellar models which is characterized by an equation of state. If we use the forms (31) of the Govinder and Govender [17] particular solution then it is easy to show that
so that (35) is satisfied. Consequently their solution is a particular case of our more general case. The thermodynamic properties and other physical features of (36) point to a physical reasonable model. In particular the causal temperature is higher than that of the noncausal temperature in the core of the star.
Energy conditions
It is necessary to choose a particular form of the metric to study further physical features. Consequently we set b = 1, e = 0,
(1+c)(3cn−2c−n) and c = −3 in (28). This yields the kinematical quantitieṡ
The kinematical quantities are well defined if n > 3/5. The dynamical quantities have the form
in our example. From (38) we note that µ > 0, p > 0, p ⊥ > 0 for all n > 1. The energy conditions for a matter distribution with isotropic pressures in the presence of heat flux were defined by Kolassis et al. [32] . This was extended by Chan [10] for anisotropic pressures with heat flow. We follow the approach of Chan [10] when evaluating the energy conditions. Again we note that p = q is a restriction that applies in our model; for a general heat conducting fluid this is not true. For our example we evaluate the quantities
We observe that these quantities are nonnegative if n ≥ 1. In addition we have the following: (i) weak energy conditions:
(ii) dominant energy conditions:
(iii) strong energy conditions:
We observe that E wec ≥ 0, E
dec ≥ 0, and E sec ≥ 0 when n ≥ 1. Hence the weak, dominant and strong energy conditions are satisfied in this example. This indicates that the matter distribution in generalized Euclidean star is physically reasonable. Note that Govinder and Govender [17] also showed that their Euclidean star model (31) , which is a special case of our solution (24) , satisfies these conditions whenk = −2/9, n = 3 and x = −(c 1 r 2 + c 2 t 2 ) where c 1 and c 2 are positive constants.
Discussion
We have shown that the Lie symmetry approach to differential equations is a useful tool that can assist in the search of exact solutions to the junction condition relating the radial pressure with the heat flux at the boundary of relativistic radiating star. Using the Lie approach we generate several new exact solutions to the boundary condition equation. Our solutions regain previously known solutions for the Euclidean star as a special case. The model of Govinder and Govender [17] arises as a special case; our analysis shows that their results are part of a more general class invariant under the action of Lie symmetry generators. A noteworthy feature of our new generalized Euclidean star models is that they obey a linear barotropic equation of state in general. Most of the radiating stellar models found in the past do not share this feature. The analysis of the weak, dominant and strong energy conditions in the example shows that the matter distribution is physically acceptable.
Appendix
In the Appendix we consider the Lie symmetries (14) and the various cases for which the boundary condition (9) can be integrated. The case of generalized Euclidean stars was considered in Sect. 3. The other integrable cases are given below.
Static solution: Generator X 1
Using the generator
we determine the surface conditions
The invariants are given by r and
Note that for the solution corresponding to (47) the gravitational potentials become static and the star is not radiating.
7.2 Shear-free solution: Generator aX 1 + X 3
we determine the surface conditions dt −aβ(t) = dr 0 = dA
The invariants are given by r and A = f . (50a) In this case the shear vanishes. Equation (57) can be integrated in general to give
where w is an arbitrary constant. Then the potential functions have the form
which is a new solution to the master equation (9) . Observe that f is arbitrary function of x = dt bβ(t) + dr α(r) for this solution.
7.5 Generator X 2 − bX 1 : Riccati equation
While (20) is a Riccati equation, we observe that setting
where c is constant, simplifies it considerably to
We still cannot solve (61) in general. However it can be integrated for some particular functional forms of h. If we set h to be a simple quadratic function 
where k is a constant. Then the potential functions have the form (64c)
